This study analyzes the time-frequency relationship between oil price and exchange rate for Pakistan by using measures of continuous wavelet such as wavelet power, cross-wavelet power, and cross-wavelet coherency. The results of cross-wavelet analysis indicate that covariance between oil price and exchange rate are unable to give clear-cut results but both variables have been in phase and out phase (i.e. they are anti-cyclical and cyclical in nature) in some or other durations. However, results of squared wavelet coherence disclose that both variables are out of phase and real exchange rate was leading during the entire period studied, corresponding to the 10~15 months scale. These results are the unique contribution of the present study, which would have not been drawn if one would have utilized any other time series or frequency domain based approach. This finding provides evidence of anti-cyclical relationship between oil price and real effective exchange rate. However; in most of the period studied, real exchange rate was leading and passing anti-cycle effects on oil price shocks which is the major contribution of the study.
rate and trade balance (Shahbaz et al. [15] ); terms of trade and trade balance i.e. J-curve (Shahbaz et al. [16] ); devaluation and economic growth (Shahbaz et al. [17] ); financial development, foreign direct investment and economic growth (Shahbaz and Rahman, [18] ); trade openness and economic growth (Shahbaz, [19] ) 1 and, money supply and interest rate (Khattak et al. [21] ). What is in remainder to investigate the relationship between oil prices and real effective exchange rate in case of Pakistan. Pakistan is lower middle income country heavily depends on oil imports to boost economic activity and hence economic growth. The empirical investigation of impact of oil prices on exchange rate is very important for policy making point of view.
Our study makes important contributing in the existing literature by three ways. In the first place, the much debated question of whether or not a causal relationship exists between the oil price and exchange rate, calling upon the notion of causality based on the pioneering work of Granger, [22] . Secondly, within this causality debate, the relevance of frequency domain concepts is introduced as Granger and Lin, [23] documented that the extent and direction of causality can differ between frequency bands. Thirdly, we introduced time series concept with frequency domain, hence, we analyzed time-frequency relationship as in the frequency domain framework time information is lost. So, in our contribution, we used continuous wavelets tools such as the wavelet power spectrum, wavelet coherency, and wavelet phase difference to analyze the impact of oil price changes on exchange rate and vice-versa. The wavelet power spectrum illustrates the evolution of the variance of a time-series at the different frequencies; the wavelet coherency demonstrates the correlation coefficient in the time-frequency space; and the information on the delay between the oscillations of two time-series i.e. lead-lag relationship s provided by phase difference. Our major contribution lies in providing evidence of anti-cyclical relationship between oil price and real effective exchange rate however, in most of the period studied we found that real exchange rate was leading and passing anti-cycle effects on oil price shocks.
The rest of paper is organized as following: section-II provides review of literature;
section-III explains methodology and data collection. Results are interpreted in section-IV and conclusions and future research are drawn in section-V.
II. Literature Review
The relationship between oil prices and exchange rate nexus has been discussed by Krugman, [24] ; Golub, [25] ; Corden, [26] ; Rogoff, [27] and many more. These studies argument that in oil exporting countries, a rise in oil prices appreciates local currency against US dollar and US dollar exchange rate depreciates due to rise in oil prices in oil importing countries.
Moreover, Amano and van Norden, [28] examined the cointegration and causality relationship between oil prices and exchange rate in case of Germany, Japan and the United States. Their results showed cointegration relationship between the variables and oil price change leads to appreciate the US dollar in long span of time. The causality analysis also supported their view by providing unidirectional causality running from oil prices to exchange rate in Germany, Japan and US. In case of OECD countries, Chauhuri and Daniel, [29] discussed the issue of oil prices and exchange rate by applying Engle-Granger, [30] cointegration approach and reported that both variables cointegrated in 13 out of 16 countries. Furthermore, exchange rate is Granger caused by oil price changes.
Rautava, [31, 32] examined the role of oil prices and exchange rate changes in Russian economy. The results showed cointegration between the variables and oil prices inversely affect output and Russian exchange rate 2 . Bénassy-Quéré et al. [7] unveiled the relationship between oil prices and real effective exchange rate in case of China. [29] to analyse the relationship between oil prices and exchange rate using data of G-7 countries. Their results indicated that both variables are cointegrated for long run using panel cointegration approach.
Huang and Guo, [9] collected data on oil prices and exchange rate in case of China to examine the nature of relationship between them. By applying SVAR model, they found that real oil price shocks appreciate the US dollar minimally in long run due to lesser dependence on oil imports. Issa et al. [35] [52] unveiled the relationship between oil price and exchange rate in emerging markets 9 . Their results reported that a positive shock to oil prices Granger cause US dollar exchange rate to decline in short run in all emerging economies. In case of Malaysia; Hussein et al. [53] investigated the causality between oil price and US dollar exchange rate. They found cointegration between the variables and unidirectional causal relationship is found running from oil price to US dollar exchange rate. In US economy; Benhmad, [54] disclosed unidirectional causality running from real oil prices to real effective exchange rate applying linear and non-linear Granger causality approaches.
Beckmann and Czudaj, [55] examined the dynamics between oil prices and US dollar exchange rate and reported bidirectional causality between the both variables. Coleman et al.
[56] disclosed the nexus between oil price and exchange rate in African countries 10 . They found cointegration between the variables and oil price changes paly vital role in determining real exchange rate but this effect is different across the countries may be due to difference in economic structure. Turhan et al. [57] uncovered the role of oil price in determining the exchange rate in emerging economies 11 . Their results indicated that oil price rise is leading indicator to appreciate the currencies of these market against US dollar. Moreover, analysis of generalized impulse response function reveals that impact of oil price on exchange rate is significant after 2008 financial crisis. Adeniyi et al. [58] analyzed the relationship between oil prices and exchange rate using GARCH and exponential GARCH (EGARCH) in case of Nigeria. They found that oil price rise appreciates Nigerian currency against US dollar and same inference was drawn by Olomola and Adejumo, [10] and latter on by Oriavwote and Eriemo, [59] 12 . Apart from that Englama et al. [60] reported that a 1 per cent increase in permanent shock in oil prices adds in 0.54 per cent shock in exchange rate unpredictability in long run while foreign exchange demand leads exchange rate volatility dominate. Latter on, Hassan and Zahid, [61] and, Ozsoz and Akinkunmi, [62] also found positive impact of oil prices on Nigerian real effective exchange rate. Recently, Tiwari et al. [63] applied the wavelet approach to probe the relationship between oil prices and real effective exchange rate using the data of Indian economy. They found neutral effect between both variables at the lower time scale but at higher time scales, real effective exchange rate Granger cause oil prices.
III. Data and methodology
For empirical purpose, we have collected monthly frequency data on oil prices and real effective exchange rate over the period of 1986-2009. The data span is large and sufficient for reliable and consistent results. Exchange rate is proxied by real effective exchange rate and collected from international financial statistics (CD-ROM, 2010). The crude oil price variable is expressed in real terms, i.e. deflated by U.S. consumer price index following Faria et al. [64] .
The data on crude oil prices are the spot prices and collected from Pakistan Energy Year Book (Government of Pakistan).
III.I Motivation and Introduction to Methodology
Existing economic literature provides various studies applying various approaches to investigate the relationship between oil prices and exchange rate changes. The researchers have not paid their attention to apply the time domain and frequency domain approaches in examining the relationship between both series. There may be a relationship between the series at different frequencies such as oil price may act like a supply shock at lower and medium frequencies (Naccache, [41] ) and in resulting it affects real effective exchange rate. In short span of time i.e.
at the higher frequencies, real effective exchange rate affects oil prices following demand-effect.
It is a general practice in existing economic literature to unveil relationship between the series at different frequencies using Fourier analysis. The demerits of Fourier analysis are also discussed in the existing literature. For example, Fourier transform does not seem to capture the time information which makes difficult to get information about short-lived relationship or structural break stemming in the series. These structural breaks are very important for policy making point of view. Furthermore, results provided by Fourier transform are less reliable. This approach works well when series do not have unit root problem at level but macroeconomic variables are found non-stationary at level usually. This implies that error term of non-stationary series is not normally distributed and provides biased results. This issue has been resolved by Gabor, [65] who advanced a specific transformation of Fourier transform which is also called a short time 13 The continuous wavelet transform approach is contained to both frequency and time having zero mean. The major advantage of continuous wavelet transform is that it can be characterized by localizing continuous wavelet transform in time ( t  ) and frequency (   ) or in both. It is exposed by Heisenberg uncertainty principle that tradeoff exists between localization in time and frequency. We have to properly define t  and   because there is a minimum limit ) with uniform time steps t  , is defined as the convolution of n x with the scaled and normalized wavelet. We write as:
III.II The Continuous Wavelet Transform (CWT)
The power of wavelet is defined as 
where v is equal to 1 for real and 2 for complex wavelets. 
III.III The Cross Wavelet Transform (CWT)
where
is level of confidence linked with the probability p for a pdf which is defined by 2  distributions.
III.IV Wavelet Coherency (WTC)
Following Fourier spectral approach, we can define Wavelet Coherency (WTC). The
Wavelet Coherency is a ratio of the cross-spectrum to the product of the spectrum of each series. 
where, smoothing operator is shown by S . It is a traditional correlation coefficient definition which is helpful in thinking of the Wavelet Coherence as a localized correlation coefficient following time frequency space. We rewrite the equation-5 once smoothing operator is equalant to 1 and smoothing operator S as a convolution in time and scale:
where scale S denotes smoothing along the wavelet scale axis and time S indicates smoothing in time. The time of convolution is determined using Gaussian and scale convolution is done by regular window (Torrence and Compo, [70] ). The functional form of smoothing power following Morlet wavelet is articulated as:
where, normalized constants are 1 c and 2 c while  denotes is the rectangle function. The scale de-correlation length for Morlet wavelet is empirical determined by 0.6. Practically, we determine co-evolutions directly but normalized coefficients indirectly. The Monte Carlo simulation approach is used to asses the theoretical distributors of wavelet coherency. To test the wavelet coherency, we follow Aguiar-Conraria and Soares, [67] rather than Wavelet Cross Spectrum. Aguiar-Conraria and Soares, ( [67] , p. 649) gives two arguments for this: "(1) the wavelet coherency has the advantage of being normalized by the power spectrum of the two time-series, and (2) that the wavelets cross spectrum can show strong peaks even for the realization of independent processes suggesting the possibility of spurious significance tests".
III.V Cross Wavelet Phase Angle
The phase difference between the components is estimated by using mean and confidence 
The independence of phase angles is helpful in calculating reliable confidence interval of the mean angle. The number of angles used in the calculation can be set arbitrarily high simply by increasing the scale resolution. Nevertheless, the scatter of angles around the mean is very interesting. The spherical standard deviation can be defined as following: 
The real and imaginary parts are indicated by I and R respectively, of the smooth power spectrum. The phase relationship between the two times series is characterized using path difference which is considered useful. The time series moves together with specified frequency if value of phase difference ranges to zero. 
INSERT FIGURE 1 ABOUT HERE IV. Results and their Discussions
We have converted both series into logarithm to obtain unbiased and efficient results. The graphs of both variables are shorn in Figure-1 . The results of descriptive statistics and correlation matrices are reported in Table-1 containing log levels as well as in returns. The sample mean of log of real effective exchange rate and for returns data of oil prices is positive. The sample mean of oil prices is negative and higher as compared to returns data for real effective exchange rate.
The degree skewness shows that real effective exchange rate and oil prices in level are positively skewed and negatively skewed in return data set for both variables. The data is more skewed of level oil prices and returns data set for real effective exchange rate. The measure of Kurtosis indicates that oil prices in level as well as in return data set has more leptokurtic distribution compared to normal distribution. The correlation coefficient reports that real effective exchange rate and oil prices are negatively correlated in level form and same inference is drawn for return data set of both series.
INSERT TABLE 1 ABOUT HERE
To test the stationery properties of running series, we applied ADF (Dickey and Fuller, [72] ) and PP (Philips and Perron, [73] ). The results of both tests are shown in Table- 15 . Real effective exchange rate and oil prices are found to be integrated at I(1). This implies that variables have same level of stationarity i.e. I(1).
INSERT TABLE 2 ABOUT HERE
The next step is to apply the ARDL bounds testing approach in the presence of structural breaks due to major economic events affecting these series. The appropriate leg order is prerequisite to apply bounds testing to examine long run relationship between the variables. In doing, we chose Akaike information criteria (AIC) to select lag order of the variables. It is suggested by (Lütkepohl, [75] ) that we should apply AIC to choose leg length because it provides better results as compared to sequential modified LR test statistic (LR), final prediction error (FPE); Schwarz information criterion (SIC) and Hannan-Quinn information criterion (HQ).
The lag order 5 is chosen following the minimum value of AIC and results of shown in second column of Table-3. The next step is to compute F-statistic following the ARDL bounds testing approach to cointegration to examine long run relationship between real effective exchange rate and oil prices. We use critical bounds generated by Pesaran et al. [76] for large sample (279 observations). The empirical evidence shows that our computed F-statistic exceeds upper critical bound (UCB) i.e. 7.269 > 4.68 once real effective exchange rate is used as forcing variable. This implies that there is one cointegrating found confirming long run relationship exists between real effective exchange rate and oil prices in case of Pakistan over the period of 1986M 1 -2009M 3 .
INSERT TABLE 3 ABOUT HERE
The next step is to analyze continuous wavelet power spectrum for both variables. It is evident from Figure- 
INSERT FIGURE 2 ABOUT HERE INSERT FIGURE 3 ABOUT HERE
It is very interesting to see that in Figure-3 , the direction of arrows at different periods (i.e. frequency bands) over the time period studied is not same. We observe that the variables during 1990s are out of phase (if we focus on significance region) and up to 1998 they are out of phase, if we consider high-power region. However, after 1998 we observe that the variables are in phase (if we consider high power region) and significant region is not observed after 1998.
The most critical point is that direction of the arrows i.e. whether they are right-up or left-up (or right-down or left-down) is not very clear. So, it is very difficult to tell which variable is leading and which one is lagging in different frequency bands and periods. In other words, outside the areas with significant power, the phase relationship and also lead-lag relationship is also not very series of oil price and exchange rate than that implied by the cross wavelet power.
Further, it is worthy to mention that wavelet cross-spectrum (i.e. cross wavelet) describes the common power of two processes without normalization to the single wavelet power spectrum. This can produce misleading results, because one essentially multiplies the continuous wavelet transform of two time series. For example, if one of the spectra is locally and the other exhibits strong peaks, peaks in the cross spectrum can be produced that may have nothing to do with any relation of the two series. This leads us to conclude that wavelet cross spectrum is not suitable to test the significance of relationship between two time series. Therefore, in our conclusion we relied on the wavelet coherency (as it is able to detect a significant interrelation between two time series, to know more about refer to the section-III.II). However, one can still use wavelet cross-spectrum to estimate the phase spectrum. The wavelet coherency is used to identify both frequency bands and time intervals within which pairs of indices are co-varying.
Finally, we presented results of cross-wavelet coherency in Figure-4 .
INSERT FIGURE 4 ABOUT HERE
The squared WTC of return series of oil prices and real effective exchange rate are shown in Figure- 
V. Conclusions and Future Research
The study analyzed Granger-causality between oil prices and real effective exchange rate for Pakistan by using monthly data covering the period of 1986M 2 -2009M 3 . We have decomposed the time-frequency relationship between oil price and real effective exchange rate by applying continuous wavelet approach. We have also used structural break unit test to examine the order of integration of both series and the ARDL bounds testing approach is applied to investigate long run relationship between oil price and real effective exchange rate in case of Pakistan.
Our results indicate that the variables are integrated at I (1) However, our results of cross-wavelet coherency or squared wavelet coherence (WTC), which can be interpreted as correlation, reveal that both variables are out of phase and real exchange rate was leading during the entire period studied, corresponding to the 10~15 months scale.
These results are the unique contribution of the present study, which would have not been drawn if one would have utilized any other time series or frequency domain based approach. Our results indicate that causal and reverse causal relations between oil price and real effective exchange rate vary across scale in case of Pakistan. There are evidence of anti-cyclical relationship between oil price and real effective exchange rate however, in most of the period studied real exchange rate was leading and passing anti-cycle effects on oil price shocks.
Our results found that exchange rate is leading to pass anti-cyclical effects on oil prices shocks. To avoid these shocks, Pakistan government should control the exchange rate movement as it affects are moving backwards. This affects production process i.e. increases the cost of production where oil is used are input. The government should also focus in exploring news sources of energy as alternate of oil energy. This not only lowers the heavy dependence of Pakistan on oil imports but it would also be helpful in controlling the rapid movements in exchange rates due to sustainable deficit in trade as well ass in balance of payments. For future research, current study can be extended by analyzing the trivariate wavelet based approach which might include different interest rates and/or stock market return as a third variable as theoretically all the three variables are expected to be highly correlated with each other following
Basher et al. [52] . The copula-based GARCH models can also be used to analyze co-movements between real effective exchange rate and oil prices following Wu et al. [50] .
13. We are grateful to Grinsted and co-authors for making codes available at:
http://www.pol.ac.uk/home/research/waveletcoherence/, which was utilized in the present study.
14. It is pointed out by Torrence and Compo, [70] that how the statistical significance of wavelet power can be assessed against the null hypothesis that the data generating process is given by an AR (0) or AR (1) stationary process with a certain background power spectrum ( k P ), for more general processes one has to rely on Monte-Carlo simulations.
15. The structural break in real effective exchange rate series is dealt with complete shift of Pakistan economy to floating exchange rate system. The structural break in oil prices deals with negative supply shock which raised real price of oil in the country. To the left and down, with REER is lagging. In phase indicate that variables will be having cyclical effect on each other and out of phase or anti-phase shows that variable will be having ant-cyclical effect on each other. 
